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III 



RICHARD G.E. PINCH 



Abstract. We list the elliptic curves defined over Q(-\/5) with good reduction 
away from 2. There are 368 isomorphism classes. We give a global minimal 
model for each class. 



1. Introduction 

In this paper we list the elliptic curves defined over Q(y/5) with good reduction 
away from 2. We use the results of the previous papers || and ||, referred to as I 
and II respectively. By Theorem 1.14 of I, such a curve must have a point of order 
2 defined over Q(v5) and by Theorem 2.3 of II, if t £ Q(v / 5) is the corresponding 
value of the Hauptmodul on Xq(2) then either t or t' = 4096/i satisfies one of the 
equations 



(1.1) t = 64u/v, 



v = x 2 



or 



(1.2) t = 6Av/2 a u, 2 a u + v=x 2 

where u, v are units, x £ Q(V5) and a > 0. We solve these equations and deter- 
mine the corresponding j-invariants and obtain a global minimal equation in each 
isomorphism class by Tate's algorithm. There are 368 isomorphism classes of these 
curves. 

2. DlOPHANTINE EQUATIONS OVER THE QUADRATIC FIELD 



In this section we solve the Diophantine equations (1.1) and (1.2) over Q(y/E). 
The fundamental unit is e = 1+ 2 an d the ring of integers is Z[e]. Let J\f and 
T denote absolute norm and trace: let ' denote the non-trivial automorphism of 
Q(V5). 

Theorem 2.1. The equation 

2x 2 —u + v, u,v units of Q(vo), 

has the solutions 

a) x = u — 1 v = —1 

b) 1 1 1 

c) 1 e 2 

d) 3 e 6 

and all other solutions are obtained by conjugation and scaling by units. 
The equations 

x 2 = 2 a u + v, u,v units, a > 0, 



e' 6 
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have the solutions 



e) a 


= 




x = 


it = 1 


u = -1 


f) 







1 


e 


e' 


g) 







1 




— e 


h) 







2 


e 3 


e' 


i) 


1 




1 


1 


-1 


J) 


1 




1 


— e 


q 

e d 


k) 


1 
1 






1 

i 


— e 


I) 


1 






e 2 


e' 3 


m) 


1 


8 


+ 15e 


£ 13 


e' 


n) 


2 




V5 


1 


1 


o) 


2 




e 3 


e 3 


1 


p) 


3 




3 


1 


1 


q) 


3 


5 


f2V5 


e 5 


1 


r) 


3 


3 


f2V5 


e 4 


1 


s) 


4 


17 


f 8^5 


e 9 


1 



and all other solutions are obtained by conjugation or scaling by units. 
The corresponding values oft are 



a,e) 


-64 


b) 


64 


c) 


-64e 3 


d,h) 


-64e 6 


f) 


-64e 2 


9) 


64e 


i) 


-32 


j) 


-32e 


k) 


-32e 2 


I) 


32e 5 


m) 


-32e 14 


n) 


16 


o) 


-16e 3 


P) 


8 


<l) 


-8e 5 


r) 


8e 4 


s) 


-4e 9 



and their conjugates. 



Proof. The Theorem will follow from Propositions 2.2, 2.5 and 2.6 



□ 



We dehne Lucas numbers L n and Fibonacci numbers F n to satisfy the recurrence 
relation 

X n +i = x n + X n _i 

with the initial conditions Lq = 2, L\ = 1 and Fq = 0, Fi = 1 respectively. 
Equivalently, we have 

„ L n + F n V5 



We quote the next result from Cohn g Theorems 1 and 2. 

Proposition 2.2. The Diophantine equations 

L n = X 2 ; 
L„, — 2X 2 
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have the solutions 

71=1,3, X = ±l,±3; 

and 

n = 0,±6, X = ±l,±3 

respectively. 



Proposition 2.3. The equations 



2x 2 = u + v; 
x 2 = u + v 



with u, v units, have the solutions 



2.0 2 = 1-1 
2.1 2 = 1 + 1 

2.1 2 = e 2 + e' 

2.3 2 = e 6 + e' 6 



and 

2 = 1-1 

1 2 = e + e' 

l 2 = e 2 - e 

2 2 = e 3 + e' 3 



respectively. 

Proof. Let A be 1 or 2, according to the equation we consider. Put U = Afu, 
V = Afv, X = Afx, w = uv' . Taking norms we have 

A 2 X 2 = U + V + Tw 



If U = -V then Tw = {AX) 2 , so that by Proposition |2J we have AX = ±1 
or ±2. But 2 is not a norm, so X must be 1, giving w — e or e 3 , and solutions 
l 2 = e 2 -eand2.1 2 = e 2 + e'. 

Now 



so that 



Ax' 2 =u' + v' = U (u- 1 + v- 1 ) = —(u + v) = —Ax 2 , 

uv ' uv 



x' 2 = —x 2 
uv 



and, considering the factorisation of x 2 into prime elements, we have x 2 = Yw 
where Y G Z and w is a unit. Scaling by w, we may take x = Z or Z\fb where 
ZeZ. But now x 2 € Z and so it — u' = u' — v. Thus either u = ±1 and v = ±1, or 
u = v' . The first case gives us the solutions AO 2 = 1 — 1 and 2.1 2 = 1 + 1 and the 
second gives the equation Ax 2 = ±L n for some n. Considering signs, Ax 2 — L n . 
We cannot have x 2 = 5Z 2 , for then V5 would divide e"; so x 2 = Z 2 and we have 
AZ 2 = L n . Applying Proposition we have the remaining solutions. □ 

The next result is established in proposition 9 of ]i0| using techniques of tran- 
scendence theory: the method is further developed in |11]. 
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Proposition 2.4. The pairs of simultaneous Diophantine equations 

(X + 2) 2 -10Y 2 = -1, 
(X-2) 2 -2Z 2 = -1; 



and 



X 2 -2Y 2 = -1, 
X 2 - 10Z 2 = -9 



have the solutions 



tin 



d 



(X,F,Z) = (1,±1,±1) or (-5,±1,±5); 
(X, F, Z) = (±1, ±1, ±1) or (±41, ±29, ±13) 



respectively. 



Proposition 2.5. TTie equation 

x 2 = 2u + v, u,v units, 



has the solutions 



I 2 = 2.1-1 



l 2 = 2(-e) + e 3 

e 2 = 2.1 -e' 

(V5) 2 = 2e 2 + e' 3 

(8 + 15e) 2 = 2e 1 3 + e'. 

Proo/. Let f7 = AAt, V = A/u, w - W = s+ f Vg , W = Ww, X = Afx. We have 
W = UV, 

X 2 = AU + V + 2S 

and 

S* 2 - 5P 2 = AW. 

Clearly X is odd. If X = 1, then x is a unit, and we solve the equation by 



Proposition |2^, giving the solutions l 2 = 2.1 - 1, l 2 = 2(— e) + e 3 and e 2 = 2.1 - e'. 
We note that X cannot be 3, which is not a norm from Q(y/S). 

Assume now that X > 5, and consider four cases according to the values of U 
and V. 



Suppose that U = V — +1. Then = +1 and, substituting, we have 

5P 2 = 4, 



X 2 - ' 



2 
so 

(X 2 - 1)(X 2 -9) = 5(2P) 2 . 

Since X is odd, the two terms on the LHS are congruent to and 8 mod 16, so 
their highest common factor is 8; since X > 5, each term is positive. We must have 
either 

X 2 - 1 = 10F 2 , 
X 2 -9 = 2Z 2 : 
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or 

X 2 - 1 = 2Y 2 , 
X 2 -9 = 10Z 2 . 

The first pair have no solution: since 2 is not a quadratic residue of 3, 3 must divide 
X, but then — f would be a quadratic residue of 3, a contradiction. The second 
pair lead to no solution of the original equation; for, from the second equation of 
the pair, X 2 = 4 mod (5), so X = ±2 mod (5), but this is impossible since X is 
a norm from Q(\/5). Hence there is no solution in the case U — V = +1. 
Suppose now that U = +1, V = — 1, so that W = — 1. We have 




so 

((X + 2) 2 + 1) ((X - 2) 2 + l) = 5(2P) 2 . 

Since X is odd, each term on the LHS is congruent to 2 mod (4) and so their 
highest common factor is 2; further, each is positive. So 

(X± 2) 2 + l = 10Y 2 , 
(lT2) 2 + l = 2Z 2 . 



By Proposition 2.4, the solutions are (X, Y, Z) = (1, ±1, ±1), dealt with above, and 
(5, ±1, ±5), leading to (v^) 2 = 2e 2 + e' 3 . 



Suppose now that U = — 1, V = +1, so that W = — 1. Substituting, 

'x 2 + r 2 



{(X + l) 2 + A)((X - l) 2 + 4) = 5(2F) 2 . 

Since X is odd, each term on the LHS is divisible by 4. The highest common factor 
of the terms divides their difference, which is 4X, and so is either 4 (if X is prime 
to 5) or 20 (if 5 | X). In either case, we have 

(X±l) 2 +4 = 5Y 2 , 
psT=Fl) 2 +4 = Z 2 . 



The second equation implies that (X, Z) = (2, ±2) or (0, ±2); but X must be odd, 
so there is no solution in this case. 

Finally, suppose that U = V = — 1, so that W = +1. Substituting, 

2 



X 1 



- 5P 2 = 4, 



so 

-2 , iuv2 , o\ — K(n EA2 



(X 2 + 1)(X 2 +9) = 5{2P) 2 

Since X is odd, each term on the LHS is congruent to 2 mod (4) and so their 
highest common factor is 2; further, each is positive. We must have either 



X 2 + 1 = 10F 2 , 
X 2 + 9 = 2Z 2 
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or 

X 2 + 1 = 2Y 2 , 
X 2 + 9 = 10Z 2 . 

In the first case, X 2 = 4 mod (5), so that X = ±2 mod (5): but X is a norm from 
Q(-\/5) and this is impossible. In the second case, by Proposition [2.4| , the solutions 
are (X,Y,Z) = (±1,±1,±1), dealt with above, and (±41, ±29, ±13) giving the 
solution x = 8 + 15e, u = e 13 , v = e' . □ 

Proposition 2.6. The equation 

x 2 = 2 a u + v, a > 2, u, v units, 

has solutions 



= 2 


X 


= V5 


u = 1 


v = 1 


2 




e 3 


e 3 


1 


3 




3 


1 


1 


3 


5- 


-2\/5 


e 5 


1 


3 


3- 


-2^5 


e 4 


1 


4 


17- 


-8V5 


e 9 


1. 



Proof. We have v = x 2 mod (4), so v is a square unit; scaling, we may assume that 
v = 1. Now 

- 1 = 2 a u, 

and, factorising and choosing the sign on x, we have 

JG + l = 2 a_1 ui, 

.T — 1 = 2«2, 



where Ui, «2 are units with u = U\U2- Subtracting, 

2°- a tti - tfe = 1, 

that is, 

2 a_2 = u^ 1 +u 2 ur 1 ' 



This is solved by Proposition 2.3, taking the solutions with x a power of 2, and the 



result follows. □ 
3. Equations of curves with good reduction away from 2 



By Corollary 1.14.1 of II, an elliptic curve E defined over Q(v5) with good 
reduction away from 2 has a point P of order 2 defined over Q(v / 5)- By Proposition 
2.1 of I, the corresponding invariant j is given by 

*) = <^ 

where t G Q(\/5) is the value of the Hauptmodul for Xq(2) corresponding to the 
pair (E,P), and the isogenous curve E' has invariant j' = j(t'), with tt' = 4096. 



The possible values of t are obtained from Theorem 2.1. Table 1 lists values 
of t corresponding to a curve with good reduction away from 2, together with the 
corresponding values of j and their factorisations. As in Section 5 of I we can list 
the minimal equation of a representative of each isomorphism class over Q(y / 5), and 
these are given in Table 2. We express the curve in the form 

Y 2 + a x XY + a 3 Y = X 3 + a 2 X 2 + a t X + a 6 
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and give the coefficients a,, the discriminant A, the exponent of the conductor 2^ 
and the reduction type according to Tate's algorithm (see Tate fl^] , Cremona 
or 0). In each table code refers to the j invariant. 

Theorem 3.1. There are 56 values oft and 43 values of j corresponding to elliptic 
curves over Q(\/5) with good reduction away from 2. There are 368 isomorphism 
classes of such curves. 



It is interesting to observe that every curve in Table 2 has additive bad reduction 
In addition, we see that there is no curve with good reduction everywhere over 
Q(V5): see Cremona g, Ishii [§,§ and Pinch §. 
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t 




code 


3 




—220 + 136e 


+e J 2 


34 


78608 


+2 4 (17) 3 
+2 (17) 
+e 2 (5 — e) 

i — 2r»6 / A i \3 

+e 2 D (4 + e) J 


-84 — 136e 


— e 2 


34 


78608 


—64 + 40e 


+e™ 5 2 3 


28 


4928 + 960e 


40 — 24e 


, — 4n3 

+e 2 a 


31 


5888 — 960e 


8 


+2 3 


11 


1728 


+2 6 (3) 3 

i 2o6 (r \3 

+e 2 D (5 - e) 

— 2o6 / a i \3 

+e 2 D (4 + e) a 


16 + 24e 


, 4r»3 

+e 2 a 


28 


4928 + 960e 


—24 — 40e 


— e 2 


31 


5888 - 960e 


-48 + 32e 


— 3r»4 

+e J 2 


14 


2048 


nil 

+2 


16 


+2* 


14 


2048 


+2 11 


— 16 — 32e 


3*-»4 
— £ 2 


14 


2048 


+2 11 


— 19520 + 12064e 


— e 2 


40 


525604480 — 324907648e 


-e _7 2 7 (50 - 13e) 3 


256 - 160e 


— e~ 5 2 5 


2 


103808 - 64640e 


-e 2 (4 + e) 


-64 + 32e 


— e 2 


17 


2688 - 1664e 


— 7r»7 

-e 2 


—32 + 32e 


+ 6 2° 


6 


1280 + 640e 


— e2 (1 — 2e) a 


—32 


—2 


5 


128 


+2 7 


— 32e 


— e2 5 


13 


1920 — 640e 


-ln7/-i , i \3 

— e 2 (1 — 2e) 


—32 — 32e 


2o5 

— e 2 


1 


1024 + 1664e 


i 7o7 

+e 2 


96 + 160e 


+e 5 2 5 


23 


39168 + 64640e 


+e 7 2 7 (5 -e) 3 
+e 7 2 7 (37 + 13e) 3 
+e 2 ( — 1 — 8e) 


-7456 - 12064e 


14n5 

— e 2 


41 


200696832 + 324907648e 


—832 + 512e 


— 606 

— e 2 


39 


914880 — 565760c 


192 — 128e 


— e 2 


32 


63168 — 39040e 


— 15r,6 

— e 2 


— 192 + 128e 


— 3o6 

+e 2 


26 


44864 — 26496e 


+e D 2 D (5 + 2e) a 


— 128 + 64e 


— e 2' 


8 


15040 - 9280e 


_ 7(^6/1 n \3 

— e '2°(l-2e)' 1 


64 — 64e 


- 1 r>6 

— e 2 


4 


12032 — 7232e 


+e 2 (3 + 2e) 

i — 2o6 / a i \3 

+e 2 D (4 + e) 


—64 + 64e 


+e 2 


31 


5888 - 960e 


—64 


— 2 


11 


1728 


+2 D (3) 


64 


+2 6 


35 


8000 


+2 (5) 

i 2o6/r \3 

+e 2 D (5 - e) 


-64e 


-e2 D 


28 


4928 + 960e 


64e 


+e2 6 


27 


4800 + 7232e 


+e 8 2 6 (5 - 2e) 3 


—64 — 64e 


— e 2 


30 


5760 + 9280e 


—6 2 (1 — 2e) 


-64 — 128e 


3t-»6 

— e 2 


12 


18368 + 26496e 


+e 2 (7 — 2e) 


64 + 128e 


i 3o6 

+e 2 


16 


24128 + 39040e 


+ e 15 2 6 


—320 — 512e 


— € 2 


22 


349120 + 565760e 


12 r»6 /r\ o \ 3 

— e 2 (9 — 8e) 


—78080 + 48256e 


— 14o7 

— e 2 


42 


8421373408 — 5204711200c 


+e _13 2 5 (— 85 + 6e) : 


— 1024 + 640e 


i — 5o7 

+e 2 


7 


1409888 — 870240e 


+e- 4 2 5 (17 - 6e) 3 


—256 + 128e 


— e 2 


33 


70368 — 43040e 


i — 4 n 5 / J-? \3 

+e 2 (7 — e) 


128 — 128e 


— e 2 


24 


39680 — 22560e 


-e2 5 (9-8e) 3 


— 128 


o7 

—2 


3 


10976 


+2° (7) 

-e- 1 2 5 (-l-8e) 3 


128e 


i o7 


10 


17120 + 22560e 


— 128 — 128e 


2r»7 

— e 2 


18 


27328 + 43040e 


4o5//^ i \3 

+e*2°(6 + eT 


—384 — 640e 


— e°2' 


29 


539648 + 870240e 


+e 4 2 5 (ll + 6e) 3 
-e 2 (-79 — 6e) 


—29824 — 48256e 


14o7 

— e 2 


43 


3216662208 + 5204711200e 


IRQ cn, 
(Do — oize 


t -3 8 

— e z 


OD 


ooyoo4 — 04ooyDe 


^ — 6o4/1 r o,\3 

+e z (lo — zej 


256 


+2 8 


34 


78608 


+2 4 (17) 3 
+e 6 2 4 (13 + 2e) 3 


256 + 512e 


+e 3 2 8 


20 


340688 + 548896e 


4096 - 2560e 


- e - 5 2 9 


15 


23528168 - 14540840e 


_ e - ll '2 3 (-29 + 5e) : 
-e" 8 2 3 (-34 - 3e) 3 


2560 - 1536e 


+ e - 4 2 9 


38 


9036560 - 5578728e 


512 


+2 9 


19 


287496 


+2 3 (33) 3 
-e 8 2 3 (-37 + 3e) 3 


1024 + 1536e 


+ e 4 2 9 


21 


3457832 + 5578728e 


1536 + 2560e 


+e 5 2 9 


37 


8987328 + 14540840e 


-e 10 2 3 (-24 - 5e) 3 
-e" 21 2 2 (34 - 9e) 3 


56320 - 34816e 


_ £ -9 2 10 


25 


4386800300 - 2711191688e 


21504 + 34816e 


+ e 9 2 10 


9 


1675608612 + 2711191688e 


+e 21 2 2 (25 + 9e) 3 



Table 1. Invariants of elliptic curves defined over Q (\/5) with good reduction away 
from 2. 
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Ho 




Cl4 




A 


tvnp 


f 

J 


cocIg 


o 


— £ 





— 16 + lie 


27 — 17e 


-e^ 3 2 s 


1 1 


3 


36 


o 


— e 





—171 + I06e 


-1050 + 647e 


_ £ 3 2 io 


IIP 


3 


25 


o 




o 


— £ 


o 


+e 6 2 4 


III 


3 


14 


o 


— 1 + € 


o 


—5 — 6e 


— 7 — lie 


+e 6 2 8 


IT 
1 1 


3 


34 


o 


— 1 + € 


o 


-5 - lie 


10 + 17e 


+e 3 2 8 


It 
± i 


3 


20 


o 


— 1 + € 


o 


-65 - 106e 


-403 - 647e 


+e- 3 2 10 


III* 


3 


9 


o 




o 


— 16 + lie 


—27 + 17e 


-e~ 3 2 8 


In 


4 


36 


o 




o 


— 171 + 106e 


1050 — 647e 


_ £ 3 2 io 


K 


4 


25 


o 


1 


o 


— 171 — 277e 


— 1697 — 2747e 


+e 3 2 10 


K 


4 


9 


o 


1 


o 


-448 + 277e 


-4444 + 2747e 


-e- 3 2 10 


± 2 


4 


25 


() 


1 + e 


o 







+2 4 


II 


4 


14 


o 


1 + e 


o 


-4e 


—4 — 8e 


+e _3 2 8 


In 


4 


20 


o 


1 + e 


o 


— 5 + e 


—4 + 3c 


+2 8 


In 


4 


34 


o 


1 + e 

-Lie- 


o 


—5 + 6e 


7 — 3e 


-e 3 2 8 


In 


4 


36 


o 


1 — e 


o 


£ 


o 


+e 6 2 4 


II 


4 


14 


() 


1 - £ 


o 


-5 — 6e 


7 + lie 


+e 6 2 8 


In 


4 


34 


o 


I - £ 


o 


—5 - lie 


-10 - 17e 


+e 3 2 8 


In 


4 


20 


o 


1 — e 


o 


—65 — 106e 


403 + 647e 


+e- 3 2 10 


K 


4 


9 


o 


— 1 


o 


— 171 — 277e 


1697 + 2747e 


+e 3 2 10 


In 


4 


9 


o 


-1 


o 


—448 + 277e 


4444 - 2747e 


_ £ -3 2 10 


K 

J 2 


4 


25 


o 


— 1 — e 


o 


£ 





+2 4 


II 


4 


14 


o 


— 1 - e 


o 


-4e 


4 + 8e 


+e~ 3 2 8 


In 


4 


20 


o 


— 1 — e 


o 


— 5 + e 


4 — 3e 


+2 8 


In 


4 


34 


o 


— I — € 


o 


—5 + 6e 


—7 + 3e 


-e 3 2 8 


In 


4 


36 


o 


o 


o 


4 


o 


-2 12 


IT 


5 


11 


o 





o 


4 + 4e 





-e 6 2 12 


IT 

J 3 


5 


11 


o 





o 


— 1 


o 


+2 6 

\ zj 


III 


5 


11 


() 


() 


o 


— 1 — e 





+e 6 2 6 


III 


5 


11 


o 


() 


() 


— 11 


14 


+2 9 


IT 


5 


19 


o 


o 


o 


— 11 


-14 


+2 9 


IT 


5 


19 











-11 - lie 


14 + 28e 


+e 6 2 9 


15 


5 


19 











-11 - lie 


-14 - 28e 


+e 6 2 9 


IS 


5 


19 





e 





-1 


— e 


+e 2 2 6 


in 


5 


31 





e 





-l-5e 


3 + 2e 


+e2 12 


IS 


5 


27 





e 





-11 - lOe 


-22 - 31e 


+e- 2 2 9 


IS 


5 


21 





e 





-32 - 53e 


-155 - 251e 


+e 5 2 9 


IS 


5 


37 





— e 





-1 


e 


+e 2 2 6 


III 


5 


31 





— e 





-l-5e 


-3-2e 


+e2 12 


I'S 


5 


27 





— e 





-11 - lOe 


22 + 31e 


+e- 2 2 9 


Jo 


5 


21 





— e 





-32 - 53e 


155 + 251e 


+e 5 2 9 


IS 


5 


37 





1 





3-4e 


-5 + 4e 


+e- 5 2 12 


IS 


5 


27 





1 





-l + 4e 


-1 -4e 


_ £ 5 2 12 


T* 


5 


4 





1 





-1 -e 


-1-e 


+e 4 2 6 


III 


5 


28 





1 





-2 + e 


-2 + e 


+e- 4 2 6 


III 


5 


31 





1 





-11 - 21e 


-37 - 59e 


+e- x 2 9 


IS 


5 


37 





1 





-32 + 21e 


-96 + 59e 


-e2 9 


IS 


5 


15 





1 + e 





-21-31e 


-84 - 137e 


+e 4 2 9 


IS 


5 


21 





1 + e 





-53 + 33e 


168 - 105e 


+e- 4 2 9 


IS 


5 


38 
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n i 


fin 




(24 




A 


L j P c 


f 
j 


code 


o 


1 _ £ 


o 


_1 


— 1 4- f 




III 


5 


28 


o 


1 — e 


o 


—6 + 5e 


5 — 2e 




J* 


5 
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Table 2. Elliptic curves defined over Q with good reduction away from 2. 

References 

[1] B.J. Birch and W. Kuyk (eds.), Modular functions of one variable IV, Lecture notes in 
Mathematics, vol. 476, Berlin, Springer- Verlag, 1975. 

[2] J.H.E. Cohn, Lucas and Fibonacci numbers and some Diophantine equations, Proc. Glasgow 
Math. Assoc. 7 (1965), 24-28. 

[3] J.E. Cremona, Modular symbols for Fi(N) and elliptic curves with everywhere good reduction, 
Math. Proc. Cambridge Philos. Soc. Ill (1992), 199-218. 

[4] J.E. Cremona, Algorithms for modular elliptic curves, Cambridge University Press, Cam- 
bridge, 1992. 

[5] H. Ishii, The non-existence of elliptic curves with everywhere good reduction, J. Maths Soc. 

Japan 31 (1979), 273-279. 
[6] , The non-existence of elliptic curves with everywhere good reduction over certain 

quadratic fields, Japan. J. Maths. 12 (1986), 45—52. 
[7] R.G.E. Pinch, Elliptic curves with everywhere good reduction, Submitted. 
[8] , Elliptic curves with good reduction away from 2, Math. Proc. Cambridge Philos. Soc. 

96 (1984), 25-38. 

[9] , Elliptic curves with good reduction away from 2: II, Math. Proc. Cambridge Philos. 

Soc. 100 (1986), 435-457. 

[10] , Simultaneous Pellian equations, Math. Proc. Cambridge Philos. Soc. 103 (1988), 

35-46. 

[11] , Squares in quadratic progression, Math. Comp. 60 (1993), 841—845. 

[12] J. Tate, Algorithm for determining the type of a singular fibre in an elliptic pencil, In Birch 
and Kuyk M, pp. 33-52. 



ELLIPTIC CURVES WITH GOOD REDUCTION AWAY FROM 2: III 



17 



Queens' College, University of Cambridge, Silver Street, Cambridge CB3 9ET, U.K. 
E-mail address: rgepacam.ac.uk 



